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BRAIDED C∗-QUANTUM GROUPS
SUTANU ROY
Abstract. We propose a general theory of braided quantum groups in the
C∗-algebraic framework using the language of multiplicative unitaries. More
precisely, we construct C∗-quantum groups in the monoidal category of Yetter-
Drinfeld C∗-algebras over regular C∗-quantum groups G from manageable
multiplicative unitaries in the braided monoidal category of G-Yetter-Drinfeld
compatible Hilbert space representations. Moreover, we show that braided
C∗-quantum groups are equivalent to C∗-quantum groups with projection
which generalises the Radford-Majid bosonization (for Hopf algebras) to C∗-quantum
groups. We show that complex quantum plane admits a braided C∗-quantum
group structure and the associated semidirect product is a simplified version
of quantum E(2) of Woronowicz.
1. Introduction
A group H is a semidirect product of G acting by automorphisms on K is
equivalent to a split exact sequence of groups
(1.1)
{e} K H G {e}.
ι
s
f
Here exactness means Im(ι) = ker(f), while f ◦ s = idG is the defining condition
for a section. However, there are conceptual difficulties to generalise any of these
descriptions for quantum groups. This is firstly because there is no satisfactory
notion of action of quantum groups on another quantum groups by automorphisms
in general. Secondly, the quantum analogue of K ∼= ker(f) in the split exact
sequence (1.1) fails to be a quantum group in general as its underlying C∗-algebra
corresponds the C0-functions on the homogeneous space G/H .
Equivalently, we may view the semidirect product of groups as groups with
idempotent homomorphism. More precisely, a group H with an idempotent homo-
morphism or projection p on H is equivalent to a split exact sequence of groups
such that H ∼= K ⋉ G where K = ker(p) and G = Im(p). Hence, C∗-quantum
groups with projection may be viewed as a quantum analogue of the semidirect
product of groups in the analytic setting.
In a purely algebraic setting, when quantum groups and Hopf algebras are syn-
onymous, the Radford’s construction [Rad85] shows that Hopf algebras C with
projection correspond exactly to pairs consisting of a Hopf algebra A and a braided
Hopf algebra B over A. More precisely, B is a Hopf algebra in the monoidal cate-
gory of A-Yetter-Drinfeld algebras. For a general theory of braided Hopf algebras
we refer [Maj95, Chapter 10].
One direction of the Radford’s construction has been generalised in [MRW16,
Section 6] for compact quantum groups using Yetter-Drinfeld C∗-algebras over a
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C∗-quantum group G = (A,∆A) and their twisted tensor products ⊠ governed by
the Yetter-Drinfeld structure described in [NV10,MRW16]. Roughly, a braided com-
pact quantum group over G is a pair (B,∆B) consisting of a unital Yetter-Drinfeld
C∗-algebra B over G and a unital ∗-homomorphism ∆B : B → B⊠B satisfying cer-
tain properties. q-deformations of SU(2) are examples of braided compact quantum
group over the circle group T whenever q ∈ C \ {0} and the associated semidirect
products are Uq(2) groups with projection with T as its image (see [KMRW16]).
In general, it is therefore expected to have a one to one correspondence be-
tween braided quantum groups and quantum groups with projection. This was
done in [MRW17,Roy13] at the level of manageable braided multiplicative unitaries.
Let H be a separable Hilbert space. A unitary operator W : H ⊗ H → H ⊗ H is
said to be a multiplicative unitary if it satisfies the pentagon equation
(1.2) W23W12 =W12W13W23 in U(H⊗H⊗H).
Furthermore,W ∈ U(H⊗H) is said to be manageable if there is a strictly positive
(possibly unbounded) operator Q on H and a unitary W˜ ∈ U(H⊗H) such that
W
∗(Q⊗Q)W = Q⊗Q(1.3) (
x⊗ u |W | z ⊗ y
)
=
(
z ⊗Qu | W˜ | x⊗Q−1y
)
(1.4)
for all x, z ∈ H, u ∈ D(Q) and y ∈ D(Q−1) (see [Wor96, Definition 1.2]). Here H is
the conjugate Hilbert space, and an operator is strictly positive if it is positive and
self-adjoint with the trivial kernel. The condition (1.3) means that the unitary W
commutes with the unbounded operator Q⊗Q.
Axiomatisation of (regular) locally compact quantum groups using multiplica-
tive unitaries goes back to the work of Baaj and Skandalis [BS93]. In [Wor96],
Woronowicz introduced a set of analytic conditions (1.3)-(1.4) namely manageabil-
ity, and constructed locally compact quantum groups in the C∗-algebraic setting
(see Theorem 2.1). In this article, we adopt this approach and do no use the full
power of the Kustermans and Vaes [KV00] theory of locally compact quantum
groups.
In order to give meaning to a braided version of (1.2), we have replaced the
underlying standard braided monoidal category of separable Hilbert spaces by the
corepresentation category (of separable Hilbert spaces) C of the quantum codouble
of a C∗-quantum group G. C is a braided monoidal category by [MRW16, Propo-
sition 3.4 & Section 5]. In fact, the braiding operators in C are unitaries : for
any two objects L1,L2 in C there is a unitary operator Z ∈ B(H2 ⊗H1) such that
L2L1 := ZΣ: L1 ⊗L2 → L2⊗L1 is a braiding operator, where Σ is the tensor flip
operator. A unitary morphism F : L ⊗ L → L ⊗ L in C is a braided multiplicative
unitary over G if it satisfies the braided pentagon equation:
(1.5) F23F12 = F12(
LL )23F12(
L L)23F23 in U(L ⊗ L⊗ L),
where L L := ( LL )∗. The definition of manageability needs more notation and
explanation (see Definition 3.9).
A braided analogue of locally compact quantum groups in the C∗-algebraic set-
ting or braided C∗-quantum groups should be a pair (B,∆B) consisting of a (possibly
nonunital) Yetter-Drinfeld C∗-algebra B over a given C∗-quantum group G and a
nondegenerate ∗-homomorphism ∆B : B →M(B ⊠ B) that respects the G-Yetter-
Drinfeld structure and satisfies some additional properties. HereM(B⊠B) denotes
the multiplier algebra of B⊠B. Define B0 = {(ω⊗ idL)F | ω ∈ B(L)∗} ⊂ B(L) and
let B be the norm closure of the linear span of the elements of B0. For an ordinary
multiplicative unitary (when the braiding operators are tensor flips) F, the penta-
gon equation (1.5) ensures that B0 is an algebra and manageability ensures that B
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is a C∗-algebra. However, the former algebraic fact is no longer straightforward for
braided multiplicative unitaries F.
In the main Theorem 3.11 of this article we first prove that B is a C∗-algebra
and there are canonical actions of the quantum codouble of G on B whenever G is
a regular quantum group. This allows us to define B⊠B, as discussed in [MRW16].
Next we show the map B ∋ b 7→ F(b ⊗ 1)F∗ is a nondegenerate ∗-homomorphism
∆B : B → M(B ⊠ B) which satisfies a braided analogue of coassociativity and
cancellation conditions. We call such pairs (B,∆B) braided C
∗-quantum groups
over G. We resume the proof of this theorem in Section 6. Next we generalise the
Radford’s theorem in Section 4. By virtue of [MRW17, Theorem 3.8 & 3.10], which
generalise Radford’s theorem for manageable multiplicative unitaries, for a given
manageable braided multiplicative unitary F over a C∗-quantum groupG = (A,∆A)
(equivalently a manageable multiplicative unitaryW that generates G) there exists
manageable multiplicative unitaries WC ∈ U(H⊗H) and P ∈ U(H⊗H) satisfying
certain compatibility conditions. Let WC generates the C∗-quantum group H =
(C,∆C). In the Theorem 4.10 we show that C = A⊠B and express ∆C in terms of
∆A and ∆B . Furthermore, we prove that P is a projection (idempotent quantum
group homomorphism) on H with image G. Here P being projection on H means
there is an unique element P in the unitary multiplier of Cˆ⊗C (denoted by U(Cˆ⊗C))
satisfying conditions (4.1) and (4.2) and P is a concrete realisation of P.
The proof of the main Theorem 3.11 is done in several steps. We include the
necessary preparations in Section 5. Suppose H = (C,∆C) be a C
∗-quantum group
with a projection P. Let G = (A,∆A) be the image of P and assume G is a regular
C∗-quantum group. These automatically give a canonical (left) coaction ∆L of G on
C. Then we use the quantum version of the Landstad theorem [Vae05,RW18] and
compute the Landstad-Vaes C∗-algebra D (analogue of C0(H/G)) corresponding
to ∆L in terms of the multiplicative unitary W
C ∈ U(H ⊗ H) generating H and
the concrete realisation P ∈ U(H ⊗H) of P. The regularity of G becomes crucial
at this stage. Finally, in Section 6 we show that D is unitarily equivalent to B and
complete the proof of Theorem 3.11.
In the final Section 7, we construct the quantum plane as a braided quantum
group over the circle group T from the manageable braided multiplicative unitary
in [MRW17, Section 4]. Finally show the ambient quantum group H in the Rad-
ford’s theorem is isomorphic to the simplified quantum E(2) group discussed by
Woronowicz in his (unpublished) presentation [Wor11].
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2. Preliminaries
All Hilbert spaces and C∗-algebras (which are not explicitly multiplier algebras)
are assumed to be separable. For a C∗-algebraA, letM(A) be its multiplier algebra
and let U(A) be the group of unitary multipliers of A. For two norm closed subsets
X and Y of a C∗-algebra A and T ∈ M(A), set
XTY := {xTy : x ∈ X, y ∈ T }CLS
where CLS stands for the closed linear span.
Let C∗alg be the category of C∗-algebras with nondegenerate ∗-homomorphisms
ϕ : A→M(B) as morphisms A→ B; let Mor(A,B) denote the set of morphisms.
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Let H be a Hilbert space. A representation of a C∗-algebra A is a nondegen-
erate ∗-homomorphism π : A → B(H). Since B(H) = M(K(H)) and the nonde-
generacy conditions π(A)K(H) = K(H) and π(A)H = H are equivalent; hence
π ∈ Mor(A,K(H)).
We write Σ for the tensor flip H⊗K → K⊗H, x⊗ y 7→ y ⊗ x, for two Hilbert
spaces H and K. We write σ for the tensor flip isomorphism A ⊗ B → B ⊗ A for
two C∗-algebras A and B.
2.1. C*-quantum groups, coactions and corepresentations.
Theorem 2.1 ([SW07,Wor96]). Let H be a Hilbert space and let W ∈ U(H ⊗H)
be a manageable multiplicative unitary. Define
A := {(ω ⊗ idH)W : ω ∈ B(H)∗}
CLS,(2.2)
Aˆ := {(idH ⊗ ω)W : ω ∈ B(H)∗}
CLS.(2.3)
Then
(1) A and Aˆ are separable, nondegenerate C∗-subalgebras of B(H).
(2) W ∈ U(Aˆ ⊗ A) ⊆ U(H ⊗ H). We write W for W viewed as a unitary
multiplier of Aˆ⊗A and call it reduced bicharacter.
(3) The map ∆A(a) :=W(a ⊗ 1H)W∗ defines a unique morphism A→ A⊗A
satisfying
(2.4) (idAˆ ⊗∆A)W = W12W13 in U(Aˆ⊗A⊗A).
Moreover, ∆A is coassociative:
(2.5) (∆A ⊗ idA)∆A = (idA ⊗∆A)∆A,
and satisfies the cancellation conditions:
(2.6) ∆A(A)(1A ⊗A) = A⊗ A = (A⊗ 1A)∆A(A).
(4) There is a unique ultraweakly continuous, linear anti-automorphism RA
of A with
∆ARA = σ(RA ⊗ RA)∆A,(2.7)
where σ(x⊗ y) = y ⊗ x. It satisfies R2A = idA.
A C∗-quantum group G is a pair (A,∆A) consisting of a C
∗-algebra A and an
element ∆A ∈ Mor(A,A⊗A) constructed from a manageable multiplicative unitary
W. Then we say G = (A,∆A) is generated byW orW generates G. We do not use
the full power of the Haar weight approach towards C∗-quantum groups developed
by Kustermans and Vaes in [KV00].
The dual multiplicative unitary of W is Ŵ := ΣW∗Σ ∈ U(H⊗H), where Σ(x⊗
y) = y ⊗ x. If W is manageable so is Ŵ. The C∗-quantum group Ĝ = (Aˆ, ∆ˆA)
generated by Ŵ is the dual of G. Its comultiplication map ∆ˆA ∈ Mor(Aˆ, Aˆ⊗ Aˆ) is
uniquely determined by the following equation
(2.8) (∆ˆA ⊗ idA)W = W23W13 in U(Aˆ⊗ Aˆ⊗A).
Recall [BS93, Definition 3.3], W ∈ U(H⊗H) is regular if {(idH⊗ ω)(ΣW) | ω ∈
B(H)∗}CLS = K(H). Equivalently, by [BS93, Proposition 3.2 (b) & Proposition
3.6], W is regular if and only if
(2.9) (Aˆ⊗ 1A)W(1Aˆ ⊗A) = Aˆ⊗ A.
Since W does not depend on the multiplicative unitary generating G (see [SW07,
Theorem 5(3)]) the regularity is a property of the the quantum group G and not of
a particular multiplicative unitary W generating G.
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[SW07]Lemma 40 shows that (2.9) is equivalent to
(2.10) (1Aˆ ⊗A)W(Aˆ⊗ 1A) = Aˆ⊗ A.
Interchanging the roles of G and Gˆ we observe that dual of a regular quantum
group is also regular.
Definition 2.11. A (right) coaction of G on a C∗-algebra C is a morphism γ : C →
C ⊗A with the following properties:
(1) γ is injective;
(2) γ is a comodule structure, that is,
(2.12) (idC ⊗∆A)γ = (γ ⊗ idA)γ;
(3) γ satisfies the Podleś condition:
(2.13) γ(C)(1C ⊗A) = C ⊗A.
We call (C, γ) a G-C∗-algebra. We shall drop γ from our notation whenever it is
clear from the context.
Similarly, a left coaction of G on C is an injective morphism γ : C → A ⊗ C
satisfying an appropriate variant of (2.12), that is (∆A ⊗ idC)γ = (idA ⊗ γ)γ, and
the Podleś condition (2.13). The word “coaction” will always mean right coaction
throughout.
A morphism f : C → D between two G-C∗-algebras (C, γ) and (D, δ) is G-equi-
variant if δf = (f ⊗ idA)γ. Let Mor
G(C,D) be the set of G-equivariant morphisms
from C to D. Let C∗alg(G) be the category with G-C∗-algebras as objects and
G-equivariant morphisms as arrows.
Definition 2.14. A (right) corepresentation of G on a Hilbert space L is a unitary
U ∈ U(K(L)⊗A) with
(2.15) (idL ⊗∆A)U = U12U13 in U(K(L) ⊗A⊗A).
The tensor product of corepresentations Ui ∈ U(K(Li)⊗A) for i = 1, 2 is defined
by U113U
2
23 ∈ U(K(L1 ⊗ L2)⊗A). It is denoted by U
1 U2.
Definition 2.16. A covariant representation of (C, γ,A) on a Hilbert space H is a
pair (U, ϕ) consisting of a corepresentation U ∈ U(K(H)⊗A) and a representation
ϕ : C → B(H) that satisfy the covariance condition
(2.17) (ϕ⊗ idA)γ(c) = U(ϕ(c) ⊗ 1A)U
∗ in U(K(H)⊗A)
for all c ∈ C. A covariant representation is called faithful if ϕ is faithful.
Faithful covariant representations always exist (see [MRW14, Example 4.5]).
2.2. Heisenberg pairs. Let G = (A,∆A) be a C
∗-quantum group, Ĝ = (Aˆ, ∆ˆA)
its dual, and W ∈ U(Aˆ⊗A) is the reduced bicharacter.
A pair of representations (π, πˆ) ofA and Aˆ on a Hilbert spaceH is a G-Heisenberg
pair if and only if Wpˆi3W1pi = W1piW13Wpˆi3 in U(Aˆ⊗K(H)⊗A).
Here W1pi := ((idAˆ⊗ π)W)12 and Wpˆi3 := ((πˆ⊗ idA)W)23. Theorem 2.1 ensures
the existence of faithful G-Heisenberg pairs and [Roy15, Proposition 3.2] show that
any G-Heisenberg pair is faithful.
Similarly, a pair of representations (π, πˆ) of A and Aˆ on H is a G-anti-Heisenberg
pair if and only if W1piWpˆi3 = Wpˆi3W13W1pi in U(Aˆ⊗K(H)⊗A).
By [MRW14, Lemma 3.4], the set of G-Heisenberg pairs and G-anti-Heisenberg
pairs are in bijective correspondence.
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Let U ∈ U(L1 ⊗ A) and V ∈ U(L2 ⊗ Aˆ) be corepresentations of G and Gˆ on L1
and L2 respectively. The proof of [MRW14, Theorem 4.1] shows that there exists
a unique Z ∈ U(L1 ⊗ L2) such that
(2.18) U1piV2pˆiZ12 = V2pˆiU1pi in U(L1 ⊗ L2 ⊗H)
for any G-Heisenberg pair (π, πˆ) on H.
2.3. Twisted tensor products of Yetter-Drinfeld C*-algebras.
Definition 2.19 ([NV10, Definition 3.1]). A G-Yetter-Drinfeld C∗-algebra is a
triple (C, γ, γ̂) consisting of a C∗-algebra C along with coactions γ : C → C ⊗ A
and γ̂ : C → C ⊗ Aˆ of G and Gˆ that satisfy the Yetter-Drinfeld compatibility
condition
(2.20) (γ̂ ⊗ idA)γ(c) = (W23)σ23
(
(γ ⊗ idAˆ)γ̂(c)
)
(W23)
∗ for all c ∈ C.
Indeed, (C, γ, γ̂) is a G-Yetter-Drinfeld C∗-algebra if and only if (C, γ̂, γ) is a
Gˆ-Yetter-Drinfeld C∗-algebra.
Example 2.21. Let G = (A,∆A) be a regular C
∗-quantum group. Then θ : A →
A⊗ Aˆ defined by θ(a) := σ(W∗(1Aˆ ⊗ a)W) for a ∈ A is a coaction of Gˆ on A, and
(A,∆A, θ) is a G-Yetter-Drinfeld C
∗-algebra (see [NV10, Section 3]).
Let YDC∗alg(G) be the category with G-Yetter-Drinfeld C∗-algebras as objects
and G and Gˆ-equivariant morphisms as arrows.
Let (C1, γ1, γ̂1) and (C2, γ2, γ̂2) be G-Yetter-Drinfeld C
∗-algebras. Without loss
of generality, suppose (Ui, ϕi) is a faithful covariant representation of (Ci, γi) on
Li and (V
i, ϕ̂i) be a faithful covariant representation of (Ci, γ̂i) for i = 1, 2, respec-
tively.
There is a unique Z ∈ U(L1 ⊗ L2) for the pair of corepresentations (U
1,V2)
satisfying a variant of (2.18).
Define L1L2 : L2⊗L1 → L1⊗L2 by
L1L2 := ZΣ, and L1 L2 : L1⊗L2 → L2⊗L1
by L1 L2 := ΣZ∗.
Theorem 2.22 ([MRW14, Lemma 3.20, Theorem 4.3, Theorem 4.9]). Let j1 and j2
be the faithful representations of C1 and C2 on L1 ⊗ L2 defined by
(2.23) j1(c1) := ϕ1(c1)⊗ 1L2 , j2(c2) :=
L1L2 (ϕ2(c2)⊗ 1L1)
L1 L2
Then the subspace
C1 ⊠ C2 := j1(C1)j2(C2) ⊂ B(L1 ⊗ L2)
is a nondegenerate C∗-subalgebra of B(L1⊗L2). The crossed product (C1⊠C2, j1, j2),
up to equivalence, does not depend on the faithful covariant representations (Ui, ϕi)
and (Vi, ϕi) for i = 1, 2.
We call C1 ⊠ C2 the twisted tensor product of C1 and C2.
The twisted tensor product C1⊠C2 carries diagonal coactions of G and Gˆ defined
by
γ1 ⊲⊳ γ2 : C1 ⊠ C2 → C1 ⊠ C2 ⊗A, x 7→ (U
1 U2)(x⊗ 1A)(U
1 U2)∗,(2.24)
γ̂1 ⊲⊳ γ̂2 : C1 ⊠ C2 → C1 ⊠ C2 ⊗ Aˆ, x 7→ (V
1 V2)(x⊗ 1Aˆ)(V
1 V2)∗.(2.25)
Then (C1 ⊠ C2, γ1 ⊲⊳ γ2, γ̂1 ⊲⊳ γ̂2) is again a G-Yetter-Drinfeld C
∗-algebra.
Theorem 2.26. (YDC∗alg(G),⊠) is a monoidal category.
This theorem has been proved in [NV10, Section 3] in the presence of Haar
weights on G and in [MRW16, Section 5] in the general framework of modular
multiplicative unitaries.
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3. Braided C*-quantum groups
Let G = (A,∆A) be a C
∗-quantum group. Let Ĝ = (Aˆ, ∆ˆA) be its dual and W ∈
U(Aˆ⊗A) be the reduced bicharacter.
The quantum codouble D(G)̂ = (Dˆ,∆Dˆ) of G is defined by Dˆ := A⊗ Aˆ and
σW : A⊗ Aˆ→ Aˆ⊗A, a⊗ aˆ 7→W(aˆ⊗ a)W∗,
∆Dˆ : Dˆ → Dˆ ⊗ Dˆ, a⊗ aˆ 7→ σ
W
23 (∆A(a)⊗ ∆ˆA(aˆ)),
for a ∈ A, aˆ ∈ Aˆ. We may generate D(G)̂ by a manageable multiplicative unitary
by [Roy15, Theorem 4.1]. So it is a C∗-quantum group.
Let L be a Hilbert space. A pair of corepresentations (U,V) of G and Gˆ on L
is called D(G)̂ -compatible if they satisfy the following Drinfeld compatibility con-
dition:
(3.1) V12U13W23 = W23U13V12 in U(K(L)⊗ Aˆ⊗A),
Let (π, πˆ) be the G-Heisenberg pair on H associated to the manageable multiplica-
tive unitary W ∈ U(H ⊗ H), that is, (πˆ ⊗ π)W = W. Define Vˆ ∈ U(Aˆ ⊗ K(L)),
U,V ∈ U(L ⊗H) and Vˆ ∈ U(H⊗L) by
Vˆ := σ(V∗), U := (idL ⊗ π)U, V := (idL ⊗ πˆ)V, Vˆ := ΣV
∗Σ = (πˆ ⊗ idL)Vˆ.
Then (2.18) and (3.1) for U and V are equivalent to
Z13 = Vˆ23U
∗
12Vˆ
∗
23U12 in U(L ⊗H⊗ L);(3.2)
U23W13Vˆ12 = Vˆ12W13U23 in U(H⊗L⊗H).(3.3)
As proved in [MRW16, Theorem 5.4], for any D(G)̂-pair (U,V) on L the uni-
tary LL := ZΣ is a braiding.
Definition 3.4 (compare with [MRW17, Definition 3.2]). Let (U,V) be a D(G)̂
-compatible corepresentation on a Hilbert space L. A braided multiplicative uni-
tary on L over G relative to (U,V) is a unitary F ∈ U(L ⊗ L) with the following
properties:
(1) F is invariant with respect to the corepresentation U U := U13U23 of G
on L ⊗ L:
(3.5) U13U23F12 = F12U13U23 in U(K(L ⊗ L)⊗A);
(2) F is invariant with respect to the corepresentation V V := V13V23 of Gˆ
on L ⊗ L:
(3.6) V13V23F12 = F12V13V23 in U(K(L ⊗ L)⊗ Aˆ);
(3) F satisfies the braided pentagon equation
(3.7) F23F12 = F12(
LL )23F12(
L L)23F23 in U(L ⊗ L⊗ L);
here the braiding LL ∈ U(L⊗L) and L L = ( LL )∗ are defined as LL =
ZΣ for the flip Σ, x ⊗ y 7→ y ⊗ x, and the unique unitary Z ∈ U(L ⊗ L)
that satisfies (3.2).
From now onwards we fix the D(G)̂-pair (U,V) on L and say that F is a braided
multiplicative unitary over G.
Recall the contragradient corpresentation Uc of U. Equation (2.18) gives a
unique unitary Z˜ ∈ U(L ⊗ L) satisfying
(3.8) Uc1piV2pˆiZ˜12 = V2pˆiU
c
1pi in U(L ⊗ L⊗H).
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Definition 3.9. Let W ∈ U(H ⊗H) be a manageable multiplicative unitary gen-
erating G = (A,∆A), let Q is strictly positive operator in the definition of the
manageability of W, and let Z, Z˜ be as above. A braided multiplicative uni-
tary F ∈ U(L ⊗ L) over G is said to be manageable if there is a strictly positive
operator Q′ on L and a unitary F˜ ∈ U(L ⊗ L) such that
U(Q′ ⊗Q)U∗ = Q′ ⊗Q, V(Q′ ⊗Q)V∗ = Q′ ⊗Q, F(Q′ ⊗Q′)F∗ = Q′ ⊗Q′,
and
(x ⊗ u | Z∗F | y ⊗ v) = (y ⊗Q′(u) | F˜Z˜∗ | x⊗ (Q′)−1(v))(3.10)
for all x, y ∈ L, u ∈ D(Q′) and v ∈ D((Q′)−1).
Now we state the main result of this article.
Theorem 3.11. Suppose F ∈ U(L ⊗ L) is a manageable braided multiplicative
unitary over a regular C∗-quantum group G = (A,∆A). Let
(3.12) B := {(ω ⊗ idL)F | ω ∈ B(L)∗}
CLS
Then
(1) B is a nondegenerate, separable C∗-subalgebra of B(L);
(2) The morphisms β ∈Mor(B,B ⊗A) and βˆ ∈ Mor(B,B ⊗ Aˆ) defined by
(3.13) β(b) := U(b ⊗ 1)U∗, βˆ(b) := V(b ⊗ 1)V∗
are coactions of G and Gˆ on B and (B, β, β̂) is a G-Yetter-Drinfeld C∗-algebra;
(3) F ∈ U(K(L)⊗B);
Let j1, j2 ∈Mor(B,B ⊠B) are the canonical morphisms described by (2.23).
(4) The map ∆B(b) := F(b ⊗ 1H)F
∗ defines a unique morphism B → B ⊠ B
that is G- and Gˆ-equivariant and satisfies
(3.14) (idL ⊗∆B)F = (idL ⊗ j1)F(idL ⊗ j2)F in U(K(L)⊗B ⊠B).
Moreover, ∆B is coassociative :
(3.15) (idB ⊠∆B)∆B = (∆B ⊠ idB)∆B,
and satisfies
(3.16) j1(B)∆B(B) = B ⊠ B = ∆B(B)j2(B).
The proof of this theorem will be given in Section 6.
Definition 3.17. The pair (B,∆B) in Theorem 3.11 is called a braided C
∗-quantum
group over G generated by F.
4. Towards quantum groups with projection
Let H = (C,∆C) be a C
∗quantum group. An element P ∈ U(Cˆ ⊗ C) is called a
projection on H if it satisfies the following conditions:
(1) P is a bicharacter:
(4.1) (∆ˆC ⊗ idC)P = P23P13 (idCˆ ⊗∆C)P = P12P13,
(2) P is an idempotent endomorphism of H: for any H-Heisenberg pair (η, ηˆ)
on Hη
(4.2) Pηˆ3P1η = P1ηP13Pηˆ3 in U(Cˆ ⊗K(Hη)⊗ C).
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By [MRW17, Proposition 2.5] Pη = (ηˆ ⊗ η)P ∈ U(Hη ⊗ Hη) is a manageable
mutliplicative unitary. The C∗-quantum group G = (A,∆A) generated by Pη is
called the image of Pη; hence P ∈ U(Aˆ⊗A). Moreover, [MRW17, Proposition 2.8]
shows that H with projection P is equivalent to the pair of C∗-quantum groups G
and H with a pair of morphisms i : A→ C, ∆L : C → A⊗C satisfying the following
conditions
(1) i is a Hopf ∗-homomorphism: ∆Ci = (i⊗ i)∆A,
(2) ∆L is a left quantum group homomorphism:
(idA ⊗∆C)∆L = (∆L ⊗ idC)∆C (∆A ⊗ idC)∆L = (idA ⊗∆L)∆L,
(3) i and ∆L satisfy the following condition
(4.3) (idA ⊗ i)∆A = ∆Li.
The morphisms i, ∆L are quantum analogues of s and f in (1.1). While the
third condition says that the composition ∆Li is identity on G. Moreover, the
composition (as quantum group homomorphisms) H
∆L−→ G
i
−→ H is the projection
on H with image G by [MRW17, Lemma 2.7].
Now [MRW17, Theorem 3.7 & 3.8] show that a manageable braided multiplica-
tive unitary F ∈ U(L ⊗ L) over a C∗-quantum group G gives rise to a pair of
manageable multiplicative unitaries WC ,P ∈ U(H⊗L⊗H⊗L) defined by
W
C :=W13U23Vˆ
∗
34F24Vˆ34 in U(H⊗L⊗H⊗L),(4.4)
P :=W13U23 in U(H⊗L⊗H⊗L),(4.5)
and P is a projection on the C∗-quantum group H = (C,∆C) generated by W
C .
Lemma 4.6. Let (π, πˆ) be a G-Heisenberg pair on H. There is a faithful represen-
tation ρˆ : Aˆ → B(H ⊗ L) such that (ρˆ ⊗ π)W = W12U13 ∈ U(H ⊗ L ⊗ H). Define
ρ : A → B(H ⊗ L) by ρ(a) := π(a) ⊗ 1. Then P = (ρˆ ⊗ ρ)W and generates the
C∗-quantum group G = (A,∆A).
Proof. Let (η, ηˆ) be a G-anti-Heisenberg pair on a Hilbert space Hη. Hence the
corepresentation condition (2.15) for U is equivalent to
U1ηWηˆ3 = Wηˆ3U13U1η in U(K(L ⊗Hη)⊗A),
by (5.8). Applying σ12 on both sides of the last equation and rearranging unitaries
we obtain
(4.7) Uˆ
∗
η2Wηˆ3Uˆη2 = Wηˆ3U23 in U(K(Hη ⊗ L)⊗A).
Here Uˆ := σ(U∗) ∈ U(A ⊗ K(L)). This yields a representation ρˆ′ defined by
ρˆ′(aˆ) := Uˆ
∗
η2(ηˆ(aˆ) ⊗ 1)Uˆη2. Now the first component of ρˆ
′(A) is inside the image
of ηˆ and the representations ηˆ, πˆ are faithful by [Roy15, Proposition 3.2]. We define
a representation ρˆ : Aˆ→ B(H⊗L) by ρˆ(aˆ) := (πˆηˆ−1⊗ idL)ρˆ′(aˆ). Then ρˆ is faithful
and satisfies (ρˆ ⊗ π)W = W13U23 by (4.7). Since, P = (ρˆ ⊗ ρ)W is a manageable
multiplicative unitary and ρ is a faithful representation of A on B(H⊗L), we have
π(A) ⊗ 1L = {(ω ⊗ idH⊗L)P | ω ∈ B(H ⊗ L)∗}. Finally, a simple computation
using Theorem 2.1 shows that P implements the comultiplication map ∆A on ρ(A):
(ρ⊗ ρ)∆A(a) = P(ρ(a)⊗ 1)P∗ for all a ∈ A.

Let us identify C, Cˆ with their images inside B(H⊗ L⊗H ⊗ L) under the rep-
resentations obtained from the H-Heisenberg pair that arises from the manageable
multiplicative unitaryWC in (4.4). Note that image of ρ and ρˆ are contained inside
the image of C and Cˆ in B(H⊗ L).
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Proposition 4.8. The unitary χ := (ρˆ ⊗ idA)W ∈ U(Cˆ ⊗ A) is a bicharacter
from H to G. Suppose ∆L : C → C ⊗ A be the left quantum group homomorphism
associated to χ. The C∗-quantum groups G and H along with the pair of morphisms
(ρ,∆L) is equivalent to the C
∗-quantum group H with projection P.
Proof. In particular, P is a bicharacter: (∆ˆC ⊗ id)P = P23P13 and (id ⊗ ∆C)P =
P12P13.
The first condition and (2.8) together give
(∆ˆC ρˆ⊗ ρ
−1ρ)W = (∆ˆC ⊗ ρ
−1)P = (id⊗ ρ−1)
(
P23P13
)
= ((ρˆ⊗ ρˆ)∆ˆA ⊗ ρ
−1ρ)W.
Taking slices on the second leg of the last expression shows that ρˆ is a Hopf
∗-homomorphism from Aˆ to Cˆ. Similarly, we can show that ρ is a Hopf ∗-homomorphism
from A to C.
Therefore χ := (ρˆ ⊗ idA)W ∈ U(Cˆ ⊗ A) is a bicharacter from H to G. The
composition H→ G→ H is given by the bicharacter (idCˆ ⊗ ρ)χ = P.
Let ∆R : C → C⊗A be the right quantum group homomorphism equivalent to χ.
Now [MRW12, Theorem 5.3] and Lemma 4.6 together give
(idAˆ ⊗∆Rρ)W = χ23W1ρχ
∗
23 = Wρˆ3W1ρWρˆ3 = W1ρW13 = (idAˆ⊗ (ρ⊗ idA)∆A)W
which is equivalent to ∆Rρ = (ρ⊗ idA)∆A.
Finally, (∆L, ρ) is equivalent to (∆R, ρ) and satisfies (4.3) by [MRW17, Proposi-
tion 2.8]. 
We now encode the structure of (C,∆C) in terms of (A,∆A) and (B,∆B). This
becomes helpful to understand the construction of new examples of semidirect prod-
uct C∗-quantum groups from braided C∗-quantum groups. We shall discuss this
construction in the last section 7 through an example. In the compact case, that
is, when A and B are unital, this has been already done in [MRW16, Theorem 6.7].
We shall extend this result to the general (non-compact) locally compact situation.
Since YDC∗alg(G) is a monoidal category and B ∈ YDC∗alg(G) by Theorem 2.26
and Theorem 3.11(2); hence B ⊠ B ∈ YDC∗alg(G). Viewing the comultiplication
map ∆A : A→ A⊗A as the coaction of G on A we have A⊠B := (A⊗1L)Vˆ∗(1H⊗
B)Vˆ as shown in [MRW16, Page 19]. Here we have suppressed the faithful repre-
sentations of A and B on H and L, respectively. The following map
(4.9) A⊠B ⊠B ∋ x 7→W12U23Vˆ
∗
34x124Vˆ34U
∗
23W
∗
12
defines an injective morphism Ψ: A ⊠ B ⊠ B → A ⊠ B ⊗ A ⊠ B (see [MRW16,
Proposition 6.3]).
Theorem 4.10. Let C = A ⊠ B and define ∆C ∈ Mor(C,C ⊗ C) by ∆C :=
Ψ(idB ⊠ ∆B). Then (C,∆C) is the C
∗-quantum group generated by WC given
by (4.4).
Proof. Let L = {(ω ⊗ ω′ ⊗ idH⊗L)WC | ω ∈ B(H)∗, ω′ ∈ B(L)∗}CLS.
Using (2.2) we get
L = {(ω ⊗ ω′ ⊗ idH⊗L)W13U23Vˆ
∗
34F24Vˆ34 | ω ∈ B(H)∗, ω
′ ∈ B(L)∗}
CLS
= {(ω′ ⊗ idH⊗L)((1⊗ a⊗ 1)U12Vˆ
∗
23F13Vˆ23) | ω
′ ∈ B(L)∗, a ∈ A}
CLS
For ω′ ∈ B(L)∗ and ξ ∈ K(L) define ω′ · ξ ∈ B(L)∗ by ω′ · ξ(y) := ω′(ξy).
Replacing ω′ by ω′ · ξ in the last expression we get
L = {(ω′ ⊗ idH⊗L)(((ξ ⊗ a)U⊗ 1L)Vˆ
∗
23F13Vˆ23) | ω
′ ∈ B(L)∗, ξ ∈ K(L), a ∈ A}
CLS
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We may replace (ξ ⊗ a)U by ξ ⊗ a for ξ ∈ K(L), a ∈ A, because U ∈ U(K(L) ⊗ A)
and U = (idL ⊗ π)U. We have
L = {(ω′ ⊗ idH⊗L)((ξ ⊗ a⊗ 1L)Vˆ
∗
23F13Vˆ23) | ω
′ ∈ B(L)∗, ξ ∈ K(L), a ∈ A}
CLS
= {(ω′ ⊗ idH⊗L)((1L ⊗ a⊗ 1L)Vˆ
∗
23F13Vˆ23) | ω
′ ∈ B(L)∗, a ∈ A}
CLS
Finally using (3.12) we obtain
L = {(ω′ ⊗ idH⊗L)((1 ⊗ a⊗ 1)Vˆ
∗
23F13Vˆ23) | ξ ∈ K(L), a ∈ A, ω
′ ∈ B(L)∗}
CLS
= (A⊗ 1L)Vˆ
∗(1H ⊗B)Vˆ = C
Now for any c ∈ C = A⊠B ⊂ B(H⊗ L)
∆C(c) = Ψ(idB ⊠∆B)(c) = Ψ(F23(c⊗ 1L)F
∗
23)
=W12U23Vˆ
∗
34F24(c⊗ 1H⊗L)F
∗
24Vˆ34U
∗
23W
∗
12 = (W
C)(c⊗ 1)(WC)∗.
Theorem 2.1 shows that ∆C : C → C⊗C is the unique morphism satisfying (idCˆ ⊗
∆C)W =W12W13 and (C,∆C) is the C
∗-quantum group generated by WC . 
5. Quantum homogeneous space for quantum groups with projection
Let G = (A,∆A) be a C
∗-quantum group. A G-product is a triple (C, γ, i)
consisting of a C∗-algebra C, a left coaction γ : C → A ⊗ C of G on C, and a
morphism i : A→ C satisfying
(5.1) γi = (idA ⊗ i)∆A.
Let Ĝ = (Aˆ, ∆ˆA) be the dual of G and W ∈ U(Aˆ ⊗ A) be the reduced bicharacter
and define X := (idAˆ ⊗ i)W ∈ U(Aˆ ⊗ C). For a G-Heisenberg pair (π, πˆ) on a
Hilbert space H, define ϕ : C → K(H)⊗ C by ϕ(c) := X∗pˆi2γ(c)pi2Xpˆi2 for c ∈ C.
Following theorem was first proved by Vaes [Vae05, Theorem 6.7] (with slightly
different conventions) using Haar weights on G and in [RW18, Theorem 3.6 & 3.8] in
the general setting of (non-regular) C∗-quantum groups. However, we shall restrict
our attention to regular C∗-quantum groups.
Theorem 5.2. Assume that G = (A,∆A) is a regular C
∗-quantum group and let
(C, γ, i) be a G-product. There is a unique C∗-subalgebra D of M(C) with the
following properties:
(1) D ⊆ {c ∈M(C) | γ(c) = 1A ⊗ c};
(2) C = i(A)D;
(3) Aˆ⊗D = (Aˆ⊗ 1)ϕ(D), where ϕ(d) := X∗(1⊗ d)X for all d ∈ D.
Condition (3) shows that ϕ ∈ Mor(D, Aˆ ⊗ D). The map βˆ : D → M(D ⊗ Aˆ),
defined by βˆ(d) := σ(ϕ(d)), is a (right) coaction of Gˆ on D, and is a G-equivariant
isomorphism between C and B ⋊A.
The C∗-algebra D is called the Landstad-Vaes algebra for the G-product (C, γ, i).
A C∗-quantum groupH = (C,∆C) with projection P ∈ U(Cˆ⊗C) with imageG =
(A,∆A) is equivalent to a Hopf
∗-homomorphism i : A → C and left quantum
group homomorphism ∆L : C → A⊗C satisfying (4.3) (see Proposition 4.8); hence
(C,∆L, i) is a G-product. Let W
C ∈ U(Cˆ ⊗C) be the reduced bicharacter of H. In
the next result we describe the Landstad-Vaes algebra for this G-product.
Theorem 5.3. Define F := P∗WC ∈ U(Cˆ ⊗ C). Then
D := {(ω ⊗ idC)F | ω ∈ Cˆ
∗}CLS ⊆M(C).
is the Landstad-Vaes algebra for the G-product (C,∆L, i).
First we prove the following technical lemma:
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Lemma 5.4. Let (η, ηˆ) be an H-anti-Heisenberg pair on a Hilbert space Hη. Define
X ∈ U(Aˆ⊗ C) by X := (idAˆ ⊗ i)W. Then
Fηˆ3X13X1η = X13X1ηFηˆ3 in U(Aˆ ⊗K(Hη)⊗ C).(5.5)
Proof. Since (η, ηˆ) is an H-anti-Heisenberg pair,
WC1ηˆW
C
η3 = W
C
η3W
C
13W
C
1ηˆ in U(Cˆ ⊗K(Hη)⊗ C).(5.6)
Combining (2.4) and (5.6) we can show that
(idC ⊗ η)∆C(c) = σ(W
C
ηˆ2
∗(η(c)⊗ 1C)W
C
η2) for c ∈ C.(5.7)
The unitary X := (idAˆ ⊗ i)W ∈ U(Aˆ ⊗ C) is a bicharacter because i is a Hopf
∗-homomorphism. Hence (idAˆ ⊗∆C)X = X12X13 which is equivalent to
X1ηW
C
ηˆ3 =W
C
ηˆ3X13X1η in U(Aˆ ⊗K(Hη)⊗ C)(5.8)
by (5.7). Similarly, replacing Hesienberg pairs by anti-Heisenberg pairs in (4.2)
gives
P1ηPηˆ3 = Pηˆ3P13P1η in U(Cˆ ⊗K(Hη)⊗ C).
The unitary Pˆ := σ(P∗) ∈ U(C ⊗ Cˆ) is a projection on Hˆ. This defines an injective
Hopf ∗-homomorphism j : Aˆ → Cˆ such that P = (j ⊗ i)W. Since i and j are
injective, we apply j−1 ⊗ idHη ⊗ i
−1 on the both sides and obtain
X1ηPηˆ3 = Pηˆ3X13X1η in U(Aˆ⊗K(Hη)⊗ C).(5.9)
The following computation finishes the proof:
Fηˆ3X13X1η = P
∗
ηˆ3W
C
ηˆ3X13X1η = P
∗
ηˆ3X1ηW
C
ηˆ3 = X13X1ηP
∗
ηˆ3W
C
ηˆ3
= X13X1ηFηˆ3. 
Proof of Theorem 5.3. Recall the Hopf ∗-homomorphism j : Aˆ→ Cˆ from Lemma 5.4
and define the bicharacter χ := (j ⊗ idA)W ∈ U(Cˆ ⊗A).
Now (idCˆ ⊗ i)χ = (j ⊗ i)W = P ∈ U(Cˆ ⊗ C). Equivalently, the composition
H
χ
−→ G
i
−→ H is P. This shows that ∆L : C → A ⊗ C is the left quantum group
homomorphism equivalent to χ given by [MRW12, Theorem 5.5]
(idCˆ ⊗∆L)W
C = χ12W
C
13 in U(Cˆ ⊗A⊗ C).(5.10)
Using (4.3) we obtain
(idCˆ ⊗∆L)P = (j ⊗∆Li)W = (j ⊗ idA ⊗ i)
(
(idAˆ ⊗∆A)W
)
= (j ⊗ idA ⊗ i)
(
W12W13
)
= χ12P13.
Then equation (5.10) and the computation right above give
(idCˆ ⊗∆L)F = (idCˆ ⊗∆L)(P
∗WC) = P∗13χ
∗
12χ12W
C
13 = F13.
Taking slices on the first leg we have D ⊆ {c ∈ M(C) | ∆L(c) = 1A ⊗ c}, the first
condition in Theorem 5.2.
Now χ = (j ⊗ idA)W ∈ U(Cˆ ⊗A) and P = (idCˆ ⊗ i)χ ∈ U(Cˆ ⊗ C). Therefore,
(Cˆ ⊗ i(A))P = (idCˆ ⊗ i)
(
(Cˆ ⊗A)χ
)
= Cˆ ⊗ i(A).
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The following computation gives the second condition in Theorem 5.2:
i(A)D = i(A){(ω ⊗ idC)F | ω ∈ Cˆ
′}CLS
= {(ω ⊗ idC)
(
(Cˆ ⊗ i(A))F
)
| ω ∈ Cˆ′}CLS
= {(ω ⊗ idC)
(
(Cˆ ⊗ i(A))PF
)
| ω ∈ Cˆ′}CLS
= {(ω ⊗ idC)
(
(Cˆ ⊗ i(A))WC
)
| ω ∈ Cˆ′}CLS
= {(ω ⊗ i(A))WC) | ω ∈ Cˆ′}CLS
= i(A)C = C.
Let (η, ηˆ) be an H-anti-Heisenberg pair on a Hilbert space Hη. Since η is faithful,
(5.11) D = {(ω ⊗ idC)Fηˆ2 | ω ∈ B(Hη)∗}
CLS.
Recall X ∈ U(Aˆ⊗ C) from Lemma 5.4. Equation (5.11) implies
(Aˆ⊗ 1C)X
∗
12(1Aˆ ⊗D)X12 = {(Aˆ⊗ ω ⊗ idC)(X
∗
13Fηˆ3X13) | ω ∈ B(Hη)∗}
CLS.
Now Lemma 5.4 gives
(Aˆ⊗ 1C)X
∗
12(1Aˆ ⊗D)X12 = {(Aˆ⊗ ω ⊗ idC)(X1ηFηˆ3X
∗
1η) | ω ∈ B(Hη)∗}
CLS.
Now (Aˆ ⊗ K(Hη))X1η = (Aˆ ⊗ K(Hη)η(A))X1η = Aˆ ⊗ K(Hη)η(A) = Aˆ ⊗ K(Hη).
This implies
(Aˆ⊗ 1C)X
∗
12(1Aˆ ⊗D)X12
= {(Aˆ⊗ ω ⊗ idC)(X1ηFηˆ3X
∗
1η) | ω ∈ B(Hη)∗}
CLS
=
{
(idAˆ ⊗ ω ⊗ idC)
(
((Aˆ⊗K(Hη)X1η)⊗ idC)Fηˆ3X
∗
1η
)
| ω ∈ B(Hη)∗
}CLS
= {(Aˆ⊗ ω ⊗ idC)(Fηˆ3X
∗
1η) | ω ∈ B(Hη)∗}
CLS
= {(idAˆ ⊗ ω ⊗ idC)
(
Fηˆ3(((Aˆ ⊗ idHη )X
∗
1η(1Aˆ ⊗K(Hη))⊗ 1C)
)
| ω ∈ B(Hη)∗}
CLS.
The regularity condition (2.10) implies
(Aˆ⊗ idHη )X
∗
1η(1Aˆ ⊗K(Hη)) = (Aˆ⊗ idHη)X
∗
1η(1Aˆ ⊗ η(A)K(Hη)) = Aˆ⊗K(Hη).
This gives
(Aˆ⊗ 1C)X
∗
12(1Aˆ ⊗D)X12 = {(Aˆ⊗ ω ⊗ idC)Fηˆ3 | ω ∈ B(Hη)∗}
CLS = Aˆ⊗D.
6. Proof of Theorem 3.11
Ad 1. Recall P and WC defined by (4.4) and (4.5), respectively. Lemma 4.6
shows that the image of P is G = (A,∆A) and G is regular by assumption. Also,
Theorem 5.3 shows that
D = {(ω′ ⊗ ω ⊗ idH⊗L)P
∗
W
C | ω′ ∈ B(H)∗, ω ∈ B(L)∗}
CLS
= {(ω ⊗ idH⊗L)Vˆ
∗
23F13Vˆ23 | ω ∈ B(L)∗}
CLS
= Vˆ∗
(
1H ⊗ {(ω ⊗ idL)F | ω ∈ B(L)∗}
CLS
)
Vˆ
is a C∗-algebra; hence so is B := {(ω ⊗ idL)F | ω ∈ B(L)∗}
CLS ⊆ B(L).
The second condition in Theorem 5.2 givesDC = C. Also CK(H⊗L) = K(H⊗L)
because C is constructed from the manageable multiplicative unitary WC , and
Vˆ ∈ U(H⊗L). Therefore,
(1H ⊗B)K(H⊗L) = VˆDVˆ
∗
K(H⊗L) = VˆDK(H⊗L) = VˆDCK(H⊗L)
= VˆCK(H⊗L) = VˆK(H⊗L) = K(H⊗L).
Thus B acts nondegenerately on L and seperability of B(L)∗ implies B is separable.
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Ad 2. Define βˆ(b) := V(b⊗ 1Aˆ)V
∗ for b ∈ B. Clearly, βˆ is injective.
Recall that in the proof of Theorem 5.3 we have identified the pair (i, γ) appear-
ing in Theorem 5.2 with (ρ,∆L) (see Proposition 4.8) and the unitary X is defined
in the Lemma 5.4. Also, recall the G-Heisenberg pair (π, πˆ) on H. Then third
condition in Theorem 5.2 becomes
(6.1) πˆ(Aˆ)⊗ Vˆ∗(1H ⊗B)Vˆ = (πˆ(Aˆ)⊗ 1H⊗L)W
∗
12Vˆ
∗
23(1H ⊗ 1L ⊗B)Vˆ23W12.
Using the corepresentation condition (2.15) for V, which is equivalent to
Vˆ23W12 =W12Vˆ13Vˆ23 in U(H⊗H⊗L),
we simplify the left hand side of the last equation:
(πˆ(Aˆ)⊗ 1H⊗L)W
∗
12Vˆ
∗
23(1H ⊗ 1L ⊗B)Vˆ23W12
= (πˆ(Aˆ)⊗ 1H⊗L)Vˆ
∗
23Vˆ
∗
13W
∗
12(1H ⊗ 1L ⊗B)W12Vˆ13Vˆ23
= (πˆ(Aˆ)⊗ 1H⊗L)Vˆ
∗
23Vˆ
∗
13(1H ⊗ 1L ⊗B)Vˆ13Vˆ23.
Then (6.1) is equivalent to
(6.2) πˆ(Aˆ)⊗B = (πˆ(Aˆ)⊗ 1L)Vˆ
∗(1H ⊗B)Vˆ;
and this is the Podleś condition for βˆ (since πˆ is injective). Thus βˆ ∈Mor(B,B⊗A)
and the corepresentation condition (2.15) for V yields (2.12) for βˆ
Similarly, β(b) := U(b ⊗ 1A)U
∗ is injective, and it is sufficient to establish the
Podleś condition for β. Then (B, β, βˆ) is a G-Yetter-Drinfeld C∗-algebra because
(U, Vˆ) satisfies the Drinfeld compatibility condition (3.3).
The second condition in Theorem 5.2 gives C = ρ(A)D = (π(A) ⊗ 1L)Vˆ∗(1H ⊗
B)Vˆ.
Let ∆R : C → C ⊗A be the right quantum group homomorphism associated to
the projection P = W13U23. By [MRW12, Lemma 5.8] ∆R(C)(1 ⊗ A) = C ⊗ A.
Equation (33) in [MRW12] implies
(π(A) ⊗ 1L⊗H)Vˆ
∗
12(1H ⊗B ⊗ 1H)Vˆ12U
∗
23W
∗
13(1H⊗L ⊗ π(A))
= U∗23W
∗
13(π(A) ⊗ 1L⊗H)Vˆ
∗
12(1H ⊗B ⊗ 1H)Vˆ12(1H⊗L ⊗ π(A)).
Multiplying K(H) to the first leg from left and right of the last equation and using
the nondegeneracy of π ∈ Mor(A,K(H)) we obtain
(K(H)⊗ 1L⊗H)Vˆ
∗
12(1H ⊗B ⊗ 1H)Vˆ12U
∗
23W
∗
13(K(H)⊗ 1L ⊗ π(A))
= (K(H)⊗1L⊗H)U
∗
23W
∗
13(π(A)⊗1L⊗H)Vˆ
∗
12(1H⊗B⊗1H)Vˆ12(K(H)⊗1L⊗π(A)).
Nondegeneracy of πˆ ∈Mor(Aˆ,K(H)) and (6.2) together give
(K(H)⊗B ⊗ 1H)U
∗
23W
∗
13(K(H)⊗ 1L ⊗ π(A))
= (K(H)⊗ 1L⊗H)U
∗
23W
∗
13(π(A)K(H) ⊗B ⊗ π(A)).
Again using nondegeneracy of π ∈ Mor(A,K(H)) and Theorem 2.1(2) we observe
W(K(H)⊗ π(A)) = K(H)⊗ π(A). This simplifies the last equation
K(H)⊗
(
(B ⊗ 1H)U
∗(1L ⊗ π(A)
)
= K(H)⊗
(
U
∗(B ⊗ π(A)
)
.
Taking slices by ω ∈ B(H) on the first leg and and then multiplying the last equation
by U from the left, we have
U(B ⊗ 1H)U
∗(1L ⊗ π(A)) = B ⊗ π(A)
and this is equivalent to the Podleś condition for β as π is injective.
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Ad 3. Now we show that F ∈ U(K(L)⊗B). The second condition in the Landstad
theorem 5.2 shows that C = (π(A)⊗1L)Vˆ∗(1⊗B)Vˆ ⊂ B(H⊗L) and C is ∗-invariant.
SinceWC is a unitary multiplier of K(H⊗L)⊗C we have (K(H)⊗K(L)⊗C)WC =
K(H)⊗K(L)⊗ C.
Equivalently,
Vˆ
∗
34B4Vˆ34K(H)1K(L)2π(A)3W13U23Vˆ
∗
34F24Vˆ34 = K(H)1K(L)2π(A)3Vˆ
∗
34B4Vˆ34.
Here we have used the leg numbering for C∗-algebras: K(H)1 = K(H) ⊗ 1L⊗H⊗L,
K(L)2 = 1H ⊗K(L)⊗ 1H⊗L, π(A)3 = 1H⊗L ⊗ π(A) ⊗ 1L, and B4 = 1H⊗L⊗H ⊗B.
NowK(H)1K(L)2π(A)3W13U23 = K(H)1K(L)2π(A)3 because (K(H)⊗π(A))W =
K(H)⊗ π(A) and U = (idL ⊗ π)U. This simplifies the last equation
Vˆ
∗
34B4Vˆ34K(H)1K(L)2π(A)3Vˆ
∗
34F24Vˆ34 = K(H)1K(L)2π(A)3Vˆ
∗
34B4Vˆ34.
Next we multiply K(H) to the third leg from the left and using (6.2) we obtain
K(H)1K(L)2K(H)3π(A)3B4Vˆ
∗
34F24Vˆ34 = K(H)1K(L)2K(H)3π(A)3B4,
and nondegeneracy of π gives
K(H)1K(L)2K(H)3B4Vˆ
∗
34F24Vˆ34 = K(H)1K(L)2K(H)3B4.
The invariance condition (3.6) of F is equivalent to Vˆ∗23F13Vˆ23 = V12F13V
∗
12. This
gives
K(H)1K(L)2K(H)3B4V23F24V
∗
23 = K(H)1K(L)2K(H)3B4
which is equivalent to
K(H)1K(L)2K(H)3B4V23F24 = K(H)1K(L)2K(H)3B4V23.
Now V23 commutes with B4 and K(L) ⊗ K(H)V = K(L) ⊗ K(H). Therefore, we
finally get
K(H)1K(L)2K(H)3B4F24 = K(H)1K(L)2K(H)3B4.
Taking the slices on the first and third legs by ω ∈ B(H)∗ gives (K(L)⊗B)F =
K(L)⊗B. This shows that F is a unitary right multiplier of K(L)⊗B. Multiplying
both sides of the above equation by F∗ from the right givesK(L)⊗B = (K(L)⊗B)F∗;
hence F is also a unitary left multiplier of K(L)⊗B.
Ad 4. The unitary Z ∈ U(L ⊗ L) is characterised by (3.2); hence (2.23) gives
j1(b) := b⊗ 1L, j2(b) :=
LL (b⊗ 1L)
L L, and B ⊠B = j1(B)j2(B) ⊆ B(L ⊗ L).
Define ∆B(b) := F(b⊗ 1L)F∗ for all b ∈ B. The braided pentagon equation (3.7)
gives (3.14):
(idL ⊗∆B)F = F23F12F
∗
23 = F12
LL
23F12
L L
23.
Since F ∈ U(K(L) ⊗ B), taking slices on the first leg of both sides of (3.14) shows
that ∆B : B → B ⊠B is the unique ∗-homomorphism satisfying (3.14).
The diagonal coaction β ⊲⊳ β of G on B ⊠B is described by (2.24):
β ⊲⊳ β : B ⊠B → B ⊠B ⊗A, x 7→ U13U23(x⊗ 1A)U
∗
23U
∗
13.
The invariance (3.5) of F gives
β ⊲⊳ β∆B(b) = U13U23F12(b⊗ 1L⊗H)F
∗
12U
∗
23U
∗
13
= F12U13U23(b⊗ 1L⊗H)U
∗
23U
∗
13F
∗
12
= (∆B ⊗ idA)β(b);
hence ∆B is G-equivariant. Similarly, we may show that ∆B is Gˆ-equivariant.
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The coassociativity of ∆B follows from the braided pentagon equation (3.7):
(∆B ⊠ idB)∆B(b) = F12
LL
23∆B(b)12
L L
23F
∗
12 = F12
LL
23F12b1F
∗
12
L L
23F
∗
12
= F23F12b1F
∗
12F23
= (idB ⊠∆B)∆B(b).
Next we recall (K(L)⊗B)F = K(L)⊗B and use it in the following computation
(K(L)⊗ j1(B))(idL ⊗∆B)F = (K(L)⊗ j1(B))
(
(idL ⊗ j1)F(idL ⊗ j2)F
)
=
(
(idL ⊗ j1)
(
(K(L)⊗B)F
))
(idL ⊗ j2)F
= (K(L)⊗ j1(B))(idL ⊗ j2)F.
Slicing the first leg by ω ∈ B(L)∗ on both sides gives j1(B)∆B(B) = j1(B)j2(B) =
B ⊠B. A similar computation gives ∆B(B)j2(B) = B ⊠B. Finally
∆B(B)j2(B)j1(B) = (B ⊠B)j1(B) = j2(B)j1(B)j1(B) = B ⊠B
shows that ∆B is nondegenerate.
7. The complex quantum plane as braided quantum group
Algebra of complex valued continuous functions on C vanishing at infinity is
the C∗-algebra generated by the identity function idC on C (see [Wor95, Example
2]). Concretely, we define a closed normal operator Υ acting on L2(C) defined by
Υξ(z) = zξ(z) for all ξ ∈ L2(C). The polar decomposition of Υ = ΦΥ|Υ| gives
a unitary operator ΦΥ, a strictly positive operator with spectrum R
+ ∪ {0} and
ΦΥ|Υ|Φ
∗
Υ = |Υ|.
For a fixed 0 < q < 1, q-deformation of the above prescription with an ad-
ditional spectral condition gives us the (algebra of functions on) quantum plane.
The goal of this section is to show that quantum plane (as braided Cst-quantum
group) is generated from the manageable braided multiplicative unitary constructed
in [MRW17, Section 4.1]. Let us denote the subgroup qZ+iR of the multiplicative
group C \ {0} by C×q and Cq = C
×
q ∪ {0}. The isomorphism (n, z)→ q
nz between
Z × T and C×q gives L
2(Z × T) = L2(C×q ). Let H = ℓ
2(Z) and let {ep} be an
orthonormal basis of H. We identify L2(C×q ) = H⊗H by choosing ei,j = δi⊗ z
j as
an orthonormal basis of L2(C×q ). Fix L = H⊗H and define Υ = ΦΥ|Υ| as a closed
operator acting on L by
ΦΥei,j := ei,j+1, |Υ|ei,j := q
2i+jei,j , Υei,j := q
2i+jei,j+1.
The operator ΦΥ is unitary, |Υ| is a strictly positive operator with spectrum qZ∪{0},
and ΦΥ and |Υ| satisfy the following commutation relation
(7.1) ΦΥ|Υ|Φ
∗
Υ = q
−1|Υ|.
Thus Υ−1ei,j := q
−2i−j+1ei,j−1 and the polar decomposition Υ
−1 = ΦΥ−1 |Υ
−1|
gives a unitary operator ΦΥ−1 , a strictly positive operator |Υ
−1| with spectrum qZ∪
{0}, and ΦΥ−1 and |Υ
−1| satisfy the following commutation relation
(7.2) ΦΥ−1 |Υ
−1|Φ∗Υ−1 = q|Υ
−1|.
LetD1 be a nondegenerate C
∗-subalgebra of B(H1). A closed and densely defined
operator T1 acting on H1 is said to be affiliated to D1 if zT1 := T1(I + T
∗
1 T1)
− 12 ∈
M(D1) and (1 − z∗T1zT1)D1 is dense in D1 (see [Wor95]). Then we write T1ηD1.
Proposition 7.3. Define
(7.4) B :=
{
finite∑
k∈Z
ΦkΥ−1fk(|Υ
−1|)
∣∣∣∣∣ fk ∈ C0(Cq), fk(0) = 0 for k 6= 0
}CLS
.
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Then B is a C∗-algebra, Υ−1ηB and B is generated by Υ−1.
Proof. For any two elements ΦkΥ−1fk(|Υ
−1|),ΦlΥ−1gl(|Υ
−1|) ∈ B we observe that
ΦkΥ−1fk(|Υ
−1|)ΦlΥ−1gl(|Υ
−1|) = Φk−lΥ fk(q
l|Υ−1|)gl(|Υ
−1|) ∈ B
and B is ∗-invariant; hence B is a C∗-algebra. Rest of the proof follows using a
similar line of argument used in [Soł10, Proposition 4.1 (2-3)]. 
Next we define
uep := ep+1, Nˆep := pep.
A multiplicative unitary generating T is
W := (1 ⊗ u)Nˆ⊗1 =
∫
Z×T
zsdENˆ (s)dEu(z), ek ⊗ el → ek ⊗ el+k,
where dENˆ and dEu denote the spectral measures of Nˆ and u, respectively. Since T
and Z are Abelian groups, the quantum codouble of T is isomorphic to Z×T viewed
as C∗-quantum group and it acts canonically on L by regular representations. The
right and left corepresentations U ∈ U(L⊗H) and Vˆ := ΣV∗Σ ∈ U(H⊗L) and the
resulting braiding operator LL are defined by
(7.5) U =W23, Vˆ =W12,
LL = ZΣ =W∗23Σ.
Next we describe the canonical representations of C(T) ∼= C∗(Z) and C0(Z) ∼= C
∗(T)
on L through the the unitary U and the self adjoint operator Nˆ with spectrum Z
and commuting with U :
U(ei,j) := ei+1,j , Nˆ (ei,j) := jei,j .
Next we recall the quantum exponential function Fq : C(q) → T from [Wor92]:
(7.6) Fq(t) :=

∞∏
k=1
1+q2kz
1+q2kz z ∈ C(q) \ {−q
−2k | k is positive integer},
−1 otherwise.
In [MRW17, Theorem 4.1], it was shown that
(7.7) F := Fq(Υq
−2Nˆ ⊗Υ−1) ∈ U(L ⊗ L)
is a manageable braided multiplicative unitary over T relative to (U,V). The
reader should also observe that there is a typo in the formula of F written just
before [MRW17, Theorem 4.1].
Recall the operator Z ∈ U(L⊗L) in equation (7.5) is defined by Z(ei,j⊗ek,l) :=
ei−l,j ⊗ ek,l. Here we view T and Z as C
∗-quantum groups G and Gˆ, respec-
tively. Therefore, the G-Yetter-Drinfeld C∗-algebras are Z × T-C∗-algebras. Then
C∗-algebra B becomes a Z × T-C∗-algebra with respect to the G and Gˆ coac-
tions γ and γˆ defined by Υ−1 → U(Υ−1 ⊗ 1)U∗ = Υ−1 ⊗ u∗ηB ⊗ C(T) and
Υ−1 → V(Υ−1 ⊗ 1)V∗ = Υ−1 ⊗ q−2NˆηB ⊗ C0(Z), respectively. This allows to
construct the twisted tensor product C∗-algebra B ⊠ B carrying a canonical diag-
onal action of Z × T. Let j1, j2 be the canonical morphisms B → B ⊠ B defined
by (2.23). On the generator Υ−1 of B they are defined by
(7.8) j1(Υ
−1) := Υ−1 ⊗ 1, j2(Υ
−1) := Z(1⊗Υ−1)Z∗ = q−2Nˆ ⊗Υ−1.
Lemma 7.9. The following identity holds
(7.10) Fq(Υq
−2Nˆ ⊗Υ−1)(Υ−1 ⊗ 1)Fq(Υq
−2Nˆ ⊗Υ−1)∗ = Υ−1 ⊗ 1∔ q−2Nˆ ⊗Υ−1.
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Proof. Suppose, Υ˜ be any closed operator acting on some Hilbert space L′ such
that ker(Υ˜) = {0}, Sp(Υ˜) ⊂ C(q) and ΦΥ˜|Υ˜|Φ
∗
Υ˜
= q−1|Υ˜|, where Υ˜ = Φ
Υ˜
|Υ˜| is the
polar decomposition of Υ˜. Define r := Υ˜ ⊗Υ−1 ⊗ 1 and s := Υ˜ ⊗ q−2Nˆ ⊗Υ−1. A
simple computation shows that the operators r and s are normal, Sp(r), Sp(s) ⊆
C(q), and satisfy the commutation relations in [Wor92, (0.1)]. By [Wor92, Theorem
3.1] we get
Fq(1⊗Υq
−2Nˆ ⊗Υ−1)(Υ˜ ⊗Υ−1 ⊗ 1)Fq(1⊗Υq
−2Nˆ ⊗Υ−1)∗
= Υ˜⊗Υ−1 ⊗ 1∔ Υ˜⊗ q−2Nˆ ⊗Υ−1.
Since Υ˜ is arbitrary, we have (7.10). 
We shall prove that (B,∆B) is the braided C
∗-quantum group over T generated
by F. For that purpose, we shall modify the techniques used by Woronowicz and
Zakrzewski in [WZ02, Theorem 4.1] and generalised version of [WZ02, Proposition
A.1] as the operator Υ−1 is not normal.
The following fundamental result is due to S. L. Woronowicz.
Proposition 7.11. Let Ti be nonzero closed densely defined operator acting on Hi
and let Di be a nondegenerate C
∗-subalgebra of B(Hi) for i = 1, 2. Then T1 ⊗
T2ηD1 ⊗D2 if and only if T1ηD1 and T2ηD2.
Proof. The proof of reverse implication follows from [WN92, Theorem 6.1]. For the
other direction assume that T1 ⊗ T2ηD1 ⊗ D2. Then T
∗
1 T1 ⊗ T
∗
2 T2ηD1 ⊗ D2 and
using [WZ02, Proposition A.1] we obtain T ∗i TiηDi for i = 1, 2. Therefore, T
∗
1 T1⊗ 1
and 1⊗T ∗2 T2 are affiliated to D1⊗D2. Now zT1⊗zT2 = zT1⊗T2f(T
∗
1 T1⊗1, 1⊗T
∗
2 T2)
where f : [0,+∞)× [0,+∞)→ R defined by f(x, y) = (1+xy)
1
2 (1+x)−
1
2 (1+ y)−
1
2 .
Therefore, zT1 ⊗zT2 ∈M(D1⊗D2) and taking appropriate slices give zTi ∈ M(Di)
for i = 1, 2. Then we know that T ∗1 T1⊗1ηD1⊗D2 and T
∗
1 T1+1 = (1−z
∗
T1
zT1)
−1ηD1.
This shows that the domain of T ∗1 T1⊗1 coincides with the range of (1− z
∗
T1
zT1)⊗1
and this implies ((1−z∗T1zT1)⊗1)(D1⊗D2) is dense inD1⊗D2. Hence, (1−z
∗
T1
zT1)D1
is dense in D1. Similarly we can prove that T2 is also affiliated to D2. 
Theorem 7.12. (B,∆B) is a braided C
∗-quantum group over T generated by F.
Equivalently, B = {(ω⊗idL)F | ω ∈ B(L)∗}CLS and ∆B(Υ−1) := j1(Υ−1)∔j2(Υ−1)
is the unique Z × T-equivariant element ∆B ∈ Mor(B,B ⊠ B) satisfying (3.14)-
(3.16).
Proof. Let B′ := {(ω ⊗ idL)Fq(Υq−2Nˆ ⊗ Υ−1) | ω ∈ B(L)∗}CLS. By virtue of
Theorem 3.11 B′ is a C∗-algebra. Since, Υq−2Nˆ is a closed operator acting on L,
it is affiliated to K(L). This implies that Υq−2Nˆ ⊗ Υ−1 is affiliated to K(L) ⊗ B.
Consequently, F ∈ U(K(L)⊗B) because of [Wor01, Theorem 5.1]. Therefore, from
the definition of B′ we have B′ ⊆M(B).
Now F(K(L)⊗B) = K(L)⊗B. This gives
B′B = {(ω ⊗ idL)F(1⊗ b) | ω ∈ B(L)∗, b ∈ B}
CLS(7.13)
= {(ω ⊗ idL)F(m⊗ b) | ω ∈ B(L)∗, m ∈ K(L), b ∈ B}
CLS
= {(ω ⊗ idL)F | ω ∈ B(L)∗, m ∈ K(L), b ∈ B}
CLS = B.
To prove B = B′ is it sufficient to show B′B = B′. We shall obtain this by showing
the canonical embedding B →֒ B(L) is an element of Mor(B,B′).
Define T (λ) := Fq(λΥq
−2Nˆ ⊗ Υ−1) and T ′(λ) := Fq(λΥq
−2Nˆ ⊗ q−2Nˆ ⊗ Υ−1)
for all λ ∈ C(q). By [Wor01, Theorem 5.1], C(q) ∋ λ 7→ T (λ) ∈ M(K(L) ⊗ K(L))
and λ → T ′(λ) ∈ M(K(L) ⊗ K(L) ⊗ K(L)) are continuous with respect to the
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strict topology. Therefore, (T (λ) ⊗ 1B′)λ∈C(q) is a continuous family of elements
of M(K(L)⊗K(L)⊗B′).
For a fixed λ ∈ C(q) we observe the operators
R := λΥq−2Nˆ ⊗Υ−1 ⊗ 1, S := λΥq−2Nˆ ⊗ q−2Nˆ ⊗Υ−1,
are normal, Sp(R), Sp(S) ⊆ C(q), and satisfy the commutation relations in [Wor92,
(0.1)]. By [Wor92, Theorems 2.2] we have
(7.14) Fq(R
−1S)RFq(R
−1S)∗ = R∔ S.
Using functional calculus and [Wor92, Theorems 2] we obtain
Fq(R
−1S)Fq(R)Fq(R
−1S)∗ = Fq(R ∔ S) = Fq(R)Fq(S)
and this is equivalent to
T (λ)∗12F23T (λ)12F
∗
23 = Fq(λΥq
−2Nˆ ⊗ q−2Nˆ ⊗Υ−1).
Now F ∈ M(K(L)⊗B′) and T (λ) ∈ M(K(L)⊗K(L)) implies T ′(λ) ∈M(K(L)⊗
K(L) ⊗ B′) for all λ ∈ C(q). This shows that λ 7→ T
′(λ) ∈ M(K(L) ⊗ K(L) ⊗ B′)
is continuous with respect to the strict topology. Therefore, Υq−2Nˆ ⊗ q−2Nˆ ⊗Υ−1
is affiliated to K(L)⊗K(L)⊗B′; hence, Υ−1 is affiliated to B′ by 7.11. Since Υ−1
generates B and is affiliated to B′ the embedding B → B(L) is an element of
Mor(B,B′) (see [Wor95, Definition 3.1]).
Lemma 7.9 shows ∆B(Υ
−1) = j1(Υ
−1) ∔ j2(Υ
−1) and [Wor91, Theorem 1.2]
gives ∆B(Υ
−1)ηB ⊠B because Υ−1ηB and ∆B ∈ Mor(B,B ⊠B). 
7.1. Simplified quantum E(2) groups. Now we describe the quantum group
with projection (C,∆C) in Theorem 4.10 associated to the quantum plane (B,∆B).
Here G is the compact group T viewed as a quantum group then C = C(T) ⊠ B.
The embeddings of C(T) and B are given by u 7→ u⊗1 and Υ−1 7→ Vˆ
∗
(1⊗Υ−1)Vˆ =
q−2Nˆ ⊗Υ−1. Using the definitions of the unitaries U, W, Vˆ and F we compute that
(WC)(u ⊗ 1⊗ 1⊗ 1)(WC)∗ = u⊗ 1⊗ u⊗ 1 and
W
C(q−2Nˆ ⊗Υ−1 ⊗ 1⊗ 1)(WC)∗
=W13U23Vˆ
∗
34F24(q
−2Nˆ ⊗Υ−1 ⊗ 1⊗ 1)F24Vˆ34U
∗
23W
∗
13
=W13U23Vˆ
∗
34
(
q−2Nˆ ⊗ (Υ−1 ⊗ 1⊗ 1∔ q−2Nˆ ⊗ 1⊗Υ−1)
)
Vˆ34U
∗
23W
∗
13
=W13U23
(
q−2Nˆ ⊗ (Υ−1 ⊗ 1⊗ 1∔ q−2Nˆ ⊗ q−2Nˆ ⊗Υ−1)
)
U
∗
23W
∗
13
=W13
(
q−2Nˆ ⊗ (Υ−1 ⊗ u∗ ⊗ 1∔ 1⊗ q−2Nˆ ⊗Υ−1)
)
W
∗
13
= q−2Nˆ ⊗Υ−1 ⊗ u∗ ⊗ 1∔ 1⊗ 1⊗ q−2Nˆ ⊗Υ−1.
Define Ψ := q−2Nˆ ⊗ (Υ−1) and V := u∗ ⊗ 1. Then C is the C∗-algebra generated
by Ψ and V satisfying the following (formal) relations
V ∗V = V V ∗ = 1, Ψ∗Ψ = q−2ΨΨ∗, Sp(|Ψ|) = qZ∪{0}, VΨV ∗ = q−2Ψ,
and the comultiplication map ∆C ∈Mor(C,C ⊗ C) is given by
∆C(V ) = V ⊗ V, ∆C(Ψ) = Ψ⊗ V ∔ 1⊗Ψ.
In fact C ∼= B⋊γˆZ defined by γˆm(Υ−1) = q−2mΥ−1 and the quantum group (C,∆C)
is isomorphic to the Woronowicz’s simplified quantum E(2) group and its double
cover is isomorphic to the Woronowicz’s quantum E(2) group [Wor91].
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